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Abstract
We estimate the decay rate of the Ψ(2S) to J/Ψ(1S) + 2pi and J/Ψ(1S) + σ + 2pi.
This is based on the mixed hybrid theory that was developed for the Ψ(2S) and was
used to estimate the ratio Ψ(2S)→ J/Ψ(1S)+σ to Ψ(2S)→ J/Ψ(1S)+2pi in 2011. A
main motivation of the present work is to predict the possible experimental detection
of the decay of Ψ(2S) to J/Ψ(1S) + σ + 2pi, or possibly to J/Ψ(1S) + 2pi+glueball.
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1 Introduction
The present work is an extension of previous research on σ production in proton-proton
collisions[1, 2], and the estimate of σ vs 2pi production from Ψ(2S)→ J/Ψ(1S)+X [3]. It is
based on the mixed hybrid theory of the the Ψ(2S) state. Note a hybrid quarkonium state,
|cc¯g >, is a state in which the cc¯ have color 8 and coupled to a gluon the state has color 0,
|cc¯(8)g(8); color = 0 >, which is a physical state.
Using the method of QCD sum rules it was shown[4] that the Ψ(2S) state is approximately
a 50-50 mixture of standard quarkonium and hybrid quarkonium states:
|Ψ(2s) > ≃ −0.7|cc¯(2S) > +√1− 0.5|cc¯g(2S) > , (1)
while the J/Ψ(1S) state is essentially a standard qq¯ state. This solves many puzzles[4, 5].
In Ref[3] it was found that the ratios of cross sections, with the σ a broad 2-pion resonance,
R ≡ Ψ(2S)→ J/Ψ(1S) + σ
Ψ(2S)→ J/Ψ(1S) + 2pi ≃ 0.98 , (2)
which is in agreement with the measurements by the BES Collaboration at the IHEP,
Bejing[6]. In the present work we estimate the ratio of the decay of the Ψ(2S) to J/Ψ(1S)
and two pions plus a sigma to Ψ(2S) to J/Ψ(1S) and two pions. Also, in estimating the
ratio the normalization of the 2pi + σ vs the 2pi correlators must be included.
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2 Estimate of Ψ(2S) decay to J/Ψ(1S) + 2pi
In this Section we derive the decay of the Ψ(2S) to J/Ψ(1S) + 2pi using the diagram in
Figure 1(b). The result can be found in Ref[3], but we correct several typos in that article.
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Figure 1: (a)|cc¯(2S) >= Ψ(2S)normal → |cc¯(1S) >; (b)|cc¯(2S) >= Ψ(2S)normal →
|cc¯(1S) >+2pi
Our estimate of the Ψ(2S)normal decay to J/Ψ(1S) + 2pi first uses the correlator Π
µν
H
illustrated in Figure 1(a). The operator Jµcc¯ creating a J
PC = 1−− normal cc¯ state, with cc¯
a color singlet is
Jµcc¯ =
3∑
a=1
c¯aγµca , (3)
with a the quark color. From this one finds
ΠµνH (p) =
∑
ab
g2
∫ d4k
(4pi)4
Tr[S(k)γµS(p− k)γν ] , (4)
where the quark propagator S(k) = ( 6 k +M)/(k2 −M2), M is the mass of a charm quark
and 6 k = ∑µ kµγµ. Since Tr[S(k)γµS(p− k)γν ] is independent of color ∑ab = 3.
2
The pion-quark vertex, illustrated in Figure 3d, is
Spi(k) = igpi
1
6 k −M = igpi
6 k +M
k2 −M2 , (5)
where we correct Eq(11) in Ref[3].
Thus the correlator for Ψ(2S)normal decay to J/Ψ(1S) +2pi, with gpi the pion-quark
coupling constant, is[3]
ΠµνHpipi(p) = −3g2g2pi
∫
d4k
(4pi)4
Tr[S(k)γµSpi(k)S(p− k)Spi(p− k)γν ] . (6)
Carrying out the trace and making use of 1
k2−M2
=
∫
∞
0 dαe
α(k2−M2) one finds[3]
ΠµνHpipi(p) = g
µν 12
(4pi)2
g2pig
2(2M2 − p2/2)I0(p)
= gµνΠSHpipi(p) , (7)
with ΠSHpipi(p) the scalar component of Π
µν
Hpipi(p) defined below and
I0(p) =
∫ 1
0
dα
p2(α− α2)−M2 . (8)
3 Estimate of Ψ(2S) decay to J/Ψ(1S) + 2pi + σ
In this Section we derive the decay of the Ψ(2S) to J/Ψ(1S)+ 2pi + σ using the diagram in
Figure 2.
c
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Figure 2: |cc¯g(2S) >= Ψ(2S)hybrid → J/Ψ(1S) + 2pi + glueball via σ
3
Figure 2 illustrates the cc¯g hybrid component of Ψ(2S) decaying to J/Ψ(1S) and two
pions and a glueball via the sigma coupling to a glueball.
Vertices needed are illustrated in Figure 3, with G=gluon, c=charm quark, pi=pion
G
c
c
(a) (b)
G G
(c)
cc
(d)
c
pi
c
σ
pi
pi
Figure 3: (a) gluon-charm-anticharm vertex, (b) gluon-quark coupling, (c) sigma-gluon cou-
pling, (d) pion-quark coupling
Our estimate of the Ψ(2S)hybrid decay to J/Ψ(1S)+ 2pi +σ, based on the process illus-
trated in Figure 2, uses JµHH , the operator creating a J
PC = 1−− hybrid (cc¯)8g state, with
(cc¯)8 a color octet. JµHH , illustrated in Figure 3(a), is
JµHH = c¯
aγνGµνca , (9)
with
Gµν =
8∑
a=1
λa
2
Gµνa , (10)
where λa is the QCD SU(3) generator and G
µν
a is the gluon field.
The gluon-quark coupling, Figure 3(b), is
gluon− quark coupling = 1
4
SGκδ(k)G
κδ(0)
SGκδ(k) = [σκδ, S(k)]+ , (11)
with σκδ = i(γκγδ − gκδ).
The gluon sigma coupling, Figure 3(c) is
gluon− sigma coupling = gσ
Mσ
< G2 > , (12)
with gσ and Mσ the gluon-sigma coupling constant and sigma mass. < G
2 > is the gluon
condensate.
Thus the correlator for Ψ(2S) decay to J/Ψ(1S)+ 2pi +σ, Figure 2, is[4]
ΠµνHHσpipi(p) = (3
g2gσ
4Mσ
)g2pi
∫ d4k
(4pi)4
Tr[SGκδ(k)γλS(p− k)γµ]Tr[Gνλ(0)Gκδ(0)] (13)
4
Using
SGκδ(k)Tr[G
µλ(0)Gκδ(0)] =
2i < G2 >
96(k2 −M2)2(kλγµ − kµγλ) (14)
one finds
ΠµνHHσpipi(p) = −
3g2gσ < G
2 > g2pi
96Mσ
∫
d4k
(2pi)4
Tr[(kλγµ − kµγλ)γλ( 6 p− 6 k +M)γν ]
(k2 −M2)((p− k)2 −M2) .
Carrying out the trace one obtains for the HH2piσ correlator
ΠµνHHσpipi(p) =
3g2gσ < G
2 > g2pi
96Mσ
Πµνσpipi(p) , (15)
with
Πµνσpipi(p) =
∫ d4k
(2pi)4
4gµνk · (p− k)− 12kµpν − 4kνpµ + 16kµkν
(k2 −M2)((p− k)2 −M2) . (16)
The Scalar components of ΠµνHH(p) = Π
S
HH and Π
µν
H (p) = Π
S
H are defined as
ΠµνHH(p) =
pµpν
p2
ΠSHH(p) (17)
ΠµνH (p) =
pµpν
p2
ΠSH(p) , (18)
Where ΠµνH (p) is defined in Eq(4) (note g
µνpµpν/p2 = 1) and the correlator ΠµνHH(p) is ob-
tained from Figure 4.
c
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Figure 4: |cc¯g(2S) >= Ψ(2S)hybrid → J/Ψ(1S) + 2pi + glueball via σ
In Ref[4] it was shown that
ΠSHH(p) ≃ pi2ΠSH(p) . (19)
5
Carrying out the trace and integrals in Eq(4) and using 1
k2−M2
=
∫
∞
0 dαe
α(k2−M2) one
finds for the scaler component[3]
ΠSHHσpipi(p) =
3g2gσ < G
2 > g2pipi
2
96MσM2
12
6(4pi)2
(16M4 − 8M2p2 + p4)I0(p) . (20)
4 Borel Transforms and Ratios of the Correlators
To estimate the ratio of Ψ(2S)→ J/Ψ(1S) + σ + 2pi to Ψ(2S)→ J/Ψ(1S) + 2pi we use the
correlators ΠSHpipi(p),Π
S
HHσpipi(p), which are Π
µν
Hpipi(p),Π
µν
HHσpipi(p) without the factor p
µpν/p2.
For greater accuracy we take B, the Borel transform[7], of Πpipi(p),ΠHHσpipi(p). The Borel
transforms needed are (with x = 2M2/M2B, MB= Borel Mass)
BI0(p) = 2e
−xK0(x)
Bp2I0(p) = 4M
2e−x(K0(x) +K1(x)) (21)
Bp4I0(p) = 4M
4e−x(3K0(x) + 4K1(x) +K2(x)) ,
where Kn(x) are modified Bessel Functions. From Eqs(7,8, 20,21) one obtains
BΠSHpipi(p) = −
12
(4pi)2
g2pig
2e−x2M2(K0(x)−K1(x)) (22)
BΠSHHσpipi(p) = [
12
(4pi)2
g2pig
2]
gσ < G
2 > pi2
96Mσ/2
e−x(3K0(x)− 4K1(x) +K2(x)) .
Also, one must include the relative normalization, N , N2 =
∫
d(M2
B
)ΠH (MB)∫
d(M2
B
)ΠHH(MB)
, with N ≃
0.0123M2B ≃ 4(0.0123)M2[3], as MB ≃ 2M . From Eqs(20,7,21), one finds for the ratio of
Ψ(2S) Decay to J/Ψ(1S)+ σ + 2pi to Ψ(2S) Decay to J/Ψ(1S) + 2pi
RR ≡ Π
S
HHσpipi(MB)
N × ΠSHpipi(MB)
= −pi
2gσ < G
2 > (3K0(x)− 4K1(x)/4 +K2(x))
96MσM2N(K0(x)−K1(x)) . (23)
Using[3] K0(x), K1(x), K2(x)= 1.54, 3.75, 31.53, N ≃ 4(.0123)M2, M ≃ 1.36GeV ,
gσ/Mσ ≃ 1.0, and < G2 >= 0.476GeV 4, one finds
RR ≡ Ψ(2S)→ J/Ψ(1S) + σ + 2pi
Ψ(2S)→ J/Ψ(1S) + 2pi ≃ 2.78 (24)
Note that this is larger than R ≡ (Ψ(2S) → J/Ψ(1S) + σ)/(Ψ(2S) → J/Ψ(1S) +
2pi) ≃ 0.98 found in Ref[3]. Note also that there are other diagrams involving gluons in
addition to the hybrid shown in Figure 2, such as a gluon arising from c or c¯ in Figures
1 or 2, which would further increase the ratio given in Eq(24), and make the detection of
Ψ(2S)→ J/Ψ(1s) + glueball + 2pi more likely in future experiments.
6
5 Conclusions
Our conclusion is that the ratio (Ψ(2S) → J/Ψ(1s) + σ + 2pi)/(Ψ(2S) → J/Ψ(1s) + 2pi) is
large enough to be measured, and that the process Ψ(2S)→ J/Ψ(1s) + glueball+2pi might
be detected.
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